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Abstract 

We consider the reduction of the duality invariant approach to M- 
theory by a U-duality group valued Scherk-Schwarz twist. The result 
is to produce potentials for gauged supergravities that are normally 
associated with non-geometric compactifications. The local symmetry 
reduces to gauge transformations with the gaugings exactly matching 
those of the embedding tensor approach to gauged supergravity. Im- 
portantly, this approach now includes a nontrivial dependence of the 
fields on the extra coordinates of the extended space. 
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1 Introduction 

Recently, the relationship between the Scherk-Schwarz [TJ reduction of 0(d, d) 
invariant double field theory (DFT) [2J El SI El El IZl El El EE] and gauged supergrav- 
ities has been explored in [TT1 [T21 H3j. One central motivation for the double field 
theory approach to string theory is to make non-geometric backgrounds in some 
sense geometric, essentially using generalised geometry or its extension. Whilst the 
idea of dimensionally reducing on so called non-geometric backgrounds has been 
extensively explored for years, see for instance [HI \T5\ [TBI 113 IIS1 EEH1 EDI EI] and 
more recently [221 E3] it becomes very natural within the context of DFT. Indeed, 
by performing a Scherk-Schwarz reduction of DFT [HI [121 H3] succeed in giving a 
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higher dimensional origin to gauged supergravities in which non-geometric fluxes 
become purely geometric from the point of view of the doubled space. 

A key feature of double field theory is that there is a constraint (known as the 
strong constraint or physical section condition) that reduces the dynamics from 
the doubled space to a subspace whose dimensionality matches that of physical 
space time. In general, the consistency of the theory requires all the dynamical 
fields of the theory obey the strong constraint^]. This, in turn means that though 
the double field theory is a revealing rewriting of ordinary supergravity in which 
the 0(d,d) symmetry is manifest, it is, at least locally, completely equivalent to 
ordinary supergravity. 

However, in [TTJ, H21 H3] it is shown that for backgrounds satisfying an appro- 
priate Scherk-Schwarz ansatz the strong constraint is sufficient but not necessary 
for the reduced theory to be consistent; the constraint can be consistently weak- 
ened on the internal space. Thus, there are consistent DFT backgrounds that are 
not contained in ordinary supergravity. The construction of such backgrounds is 
interesting in its own right since it would explore the structure of DFT beyond 
supergravity. 

All these ideas have extensions to the full U-duality group and M-theory. The 
action for the M-theory equivalent of double field theory has been written down in 
a series of works (depending on the specific U-duality group) [23 ESI EZ1 EE1 EH] • 
This builds on earlier work which described the metric of the extended M-theoretic 
geometry [3Ql|3T] with recent applications described in [32]. The study of the non- 
geometric backgrounds in M-theory with U-duality twists is given in [18] and ideas 
on the Matrix theory origin of non-geometric backgrounds in M-theory is given in 
[33]. 

In this paper we will consider the Scherk-Schwarz reduction along similar line 
to [TTJ [T21 [33] but applied to the M-theory extended geometry. The M-theory 
version is a little more involved since the U-duality group jumps with dimension. 
In dimension d, the U-duality group is the exceptional group Ed where for d < 6 
we interpret E 5 = 5*0(5,5) and E± = SL(5) etc. For d > 8 one encounters 
the infinite-dimensional Kac-Moody type algebras E 9 , E w , En. In order to be 
concrete and explicit we will work mostly with the SL(5) U-duality group and its 
corresponding generalised geometry. In the final section we will discuss the other 
U-duality groups. 

Since the formalism hasn't been fully developed for E u we cannot, at present, 
treat the full eleven dimensional theory in a duality symmetric manner. Instead 
we make the split into a four- dimensional space (which would be the the internal 
manifold of a traditional compactification) and a seven-dimensional external space- 

1 Intriguingly, massive II A supergravity can be accommodated in a consistent way when the 
section condition is relaxed on the RR sector [24| . 
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time. We will neglect the external space-time and work entirely with the four 
dimensions where the U-duality acts. In the duality invariant approach we replace 
this four dimensional internal space with its associated generalised geometry which 
is ten dimensional (the coordinates transform in a 10 of SL{5)). We then cary out 
a Scherk-Schwarz reduction on this ten dimensional generalised space associated 
to the SL(5) U-duality group. We will show that this produces the potential in 
the remaining seven dimensional space that will be of the form associated with a 
gauged supergravity. 

A key point will be to check the consistency of the Scherk-Schwarz ansatz with 
the section condition and the Courant algebra of local symmetries. We will see 
that the local symmetries generated by a Dorfman or generalised Lie derivative 
reduces to gauge transformations. The corresponding gaugings can be associated 
with the embedding tensor of d=7 gauged supergravity [34, 35J. Closure of the 
gauge algebra gives rise to the known quadratic constraint on the gaugings. We 
find that whilst the strong constraint is sufficient for closure it is not necessary. 
Instead it is replaced with constraints on the generalised geometric fluxes so that 
they take on a group structure]! 

The idea that gauged supergravities have higher dimensional origins beyond 
that of usual supergravity is certainly not new; the work of Riccioni and West 
[31?] considers the application of En techniques to gauged supergravity and the 
tensor hierarchy considerations of de Wit, Nicolai and Samtleben [37J led to their 
proposal that that gauged supergarvities probe M-theoretic degrees of freedom 
beyond usual supergravity. In this work we reinforce these ideas in the context of 
the duality invariant M-theory action and the geometry of the extended space. 

The the paper is organised as follows. In section 2, we review the generalised 
geometry for M-theory, its dynamics and its local symmetries. In section 3, we 
consider the Scherk-Schwarz reduction at the level of the algebra and its relation 
to the embedding tensor. In section 4, we perform the reduction of the action and 
identify the resulting constraints and potential. Finally, in section 5 we move on 
to consider briefly the other U-duality groups in particular 5*0(5,5) and E 6 . We 
include a short appendix with some details on SL(6) and the embedding tensor 
with trombone gauging. 

A note on notation: We will use capital Roman indices, X M , to denote the 
coordinate representation of the generalised space time (i.e. the 10 of SL(5)), 
lower case Roman indices X m to denote the fundamental representation of the 
duality group (i.e. the 5 of SL(5)) and Greek indices x M denote the coordinates 
of physical space time. Barred indices denote flattened/tangent /group indices in 

2 Actually, as we will see this is an abuse of terminology; the "structure constants" contain 
some symmetric pieces as is well known in gauged supergravities. 
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the corresponding representation. 



2 Generalised geometry for M— theory 

What follows is a brief summary of the salient details of constructing the gener- 
alised geometry for the SL(5) U-duality group in M-theory, see the early seminal 
work of |38j and the developments by [30, 3 lj and then [26] for the construction 
of this space and metric. 

The duality group acts along 4 directions, we use the indices /i, v = 1..4 to 
denote these directions. The only bosonic supergravity fields active in the four- 
dimensional space are the metric g^ v and 3-form C^p (the six-form potential 
obviously cannot lie entirely within the four-dimensional space). We truncate all 
field in the off diagonal space i.e. those with indices in both the four dimensional 
space and the seven dimensional space are set to zero as are all fermions. 

The generalised space is constructed by considering the usual space augmented 
by the space of membrane windings. The dimension of the space of membrane 
windings is just the number of two cycles on a four torus which is six. Thus the 
total space will be ten dimensional, described by 4 usual coordinates, x M and 6 
winding coordinates y^ v = y^ u ] 1 

Thus the generalised geometry in this case is given by the following tangent 
space: 

TM © A 2 T*M (2.1) 

that is direct sum of the ordinary tangent space and the space of 2-covectors. 
Diffeomorphisms and gauge transformations are naturally embedded in this pic- 
ture as reparametrisations of coordinates on the tangent space f)2.ip . this will be 
important later. 

In the extended geometry of M-theory and in double field theory, the tangent 
space is extended simply as a consequence of extending the space itself. Thus 
new coordinates are introduced describing the additional dimensions and the gen- 
eralised geometry of the extended tangent space is just the tangent space of the 
extended space. (To make the correspondence exact one must impose the solu- 
tion to the section condition where there is no dependence of any of the fields on 
the new coordinates. This then relates the generalised geometry construction to 
the extended space construction; i.e. generalised geometry is extended geometry 
subject to the trivial solution to the section condition). 

We can then write the new extended generalised coordinates on this space in 

3 In higher dimensions there would also be fivebrane windings, but these only come in for 
dimension of five and above as discussed in the final section 
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an SL(5) covariant form: 

{ X M5 = x ,t 
X 5 M = _ x m ) (2.2) 

where rj^ap is totally antisymmetric symbol 771234 = 1, 77 1234 = 1. These coordi- 
nates lie in a 10 of SL(5). 

The physical section condition is a quadratic differential condition acting on 
all fields and their products. Its solution takes you from the extended space to the 
physical subspace. Its derivation for the SL(5) case was given in [29]. It lies in a 
5ofSL(5): 

- A e aMN d M Ad N B = e abcde d bc Ad de B = . (2.3) 

(Note, the somewhat bizarre notation where we have defined the epsilon tensor 
with mixed indices, this is just another way of writing the usual 5-d epsilon tensor.) 
For later use we note that the constraint implies anti-symmetrised products of 
derivatives vanish, 

d[efd cd] » = 0, d[ ef • d cd] » = , (2.4) 

where • denotes any SL(5) covariant expression. 

The generalised diffeomorphism group which combines both usual diffeomor- 
phisms and gauge transformations is generated by a generalised Lie derivative [21?] : 

C x V ab = ^X cd d cd V ab + ^V ab d cd X cd + V ac d cd X db - V bc d cd X da . (2.5) 

Generalised Lie derivative is an apt name since the derivative can be expressed as 
a group theoretic modification to the standard Lie derivative 

C X V M = X N d N V M - V N d N X M + e aPQ e aMN d N X p V Q . (2.6) 

The anti-symmetrisation of these generalised Lie derivative gives rise to a so 
called generalised C-bracket, 

[X,Y} ab = l -{C x Y-C Y X) ab = ^X cd d cd Y ab +W ab d cd X cd +W^ a d cd X b ^ d -(Y <-> X) , 

(2.7) 

whose projection under SL(4) is the Courant bracket. 

The algebra of generalised transformations closes on the generalised C-bracket 
up to the strong constraint, 

[S Xl , Sx 2 }Q ab = [C Xl , C X2 }Q ab = C [Xl ,x 2]o Q ab + F ab . (2.8) 
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The extra term Fq that violates the closure has the form [29] 



jab 



' cd 



| [xl s d [ef X c 2 d d cd] Q ab + Q ah Xl s d [ef d cd] X? + Q ah d [ef Xl s d cd] X c 2 
-AQ^d^X^d^X? + 2X{ f Q^d [ef d cd] X b 2 ]d + 2Q c ^xt ]d d [ef d cd] X e 2 f 



-X 1 <r>X 2 , 

(2.9) 



and since all derivatives appear completely antisymmetrised this vanishes once the 
strong constraint (12.41) is imposed. 

The dynamical fields of supergravity are encoded in a metric on the generalised 
tangent space introduced in [301 ED EE] of the forn@ 



M 



MN 



M, 



ab,cd 



M, 



Mr 



M^a/3 



9\iv + \C p pa C } 

2\/2 



1 fi per 



(2.10) 

in which g = detg and g a p )fJ , v = \{g a p9pv ~ g a u9p^)- Since this metric can be 
parametrised by g^ v and the 3-form C^ up it contains only 10 + 4 = 14 independent 
components. This is in accordance with the fact that generalised metric M a b yC d is 
a representative of the coset space SL(5)/SO(5) whose dimension is 24 — 10 = 14. 
The dynamics of the generalised space are given by a potential: 



V = M a ( Cl Vi + C2V2 + c 3 V 3 + C4V4) 



(2.11) 



where 



M MN d M M KL d N M KL , V 2 



M MN d M M KL d K M NL 



V 3 = -d M M M ® (M RS d P M RS ) , V A = M MN (M RS d M M RS ) (M KL d N M KL ) 



and with the generalised metric given by (12.101) the constants are 

1 1 1 



a 



-1/4 



Cl 



1 
12 



c 2 = -: 



c 3 



c 4 



12 



(2.12) 



(2.13) 



Note, the power of det(M) in the above is simply given by noting that, det(g) = 
det(M) -2 . Of course, in the full theory one should supplement this with a La- 
grangian for the seven dimensional external space though we do not do so here. 



4 As explained in 28 there is freedom to rescale this generalised metric by a power of det g. 
With the given normalisation the derivative (|2.6p generates a diffeomorphism on g^ u . With a 
different normalisation one would need to add some appropriate density term to (|2.6[) and also 
modify the coefficients appearing in the potential (|2.f f p . 
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3 Scherk— Schwarz formalism 



For the case at hand we have the SL(5) U-duality group for a 4-dimensional 
compact manifold. We have split the eleven dimensional space into a direct product 
M 4 x Mi with M 4 a compact 4-dimensional manifold and M 7 some 7-dimensional 
manifold that will not play a role. In the framework of generalised geometry for 
M-theory one focuses only on compact dimensions M4 where the U-duality group 
acts and replaces it with the associated generalised geometry. 

We will now carry out a Scherk-Schwarz reduction on the generalised geom- 
etry to give a potential in the remaining seven dimensions. We separate out the 
dependence on internal coordinates by introducing twisting matrices pQ: 

Q ab (x [7h X) = W^(X)Q- a \x {7) ), (3.1) 

where x< 7 \ denotes the dependance on the coordinates on M 7 (which we henceforth 
suppress). These twisting matrices are valued in are in a 10 x 10 representation 
but can be decomposed in terms of 5 x 5 

W$ = \ [V-X - V-X] . (3.2) 

With the U-duality group SL(5) it is natural to impose that det V = 1, however 
the generalised geometry for M-theory actually also supports a natural M + action 
[3H] so for the time being we shall not do so. 



3.1 Twisted derivatives and gaugings 

In the usual Scherk-Schwarz reduction, the structure constants of the gauge 
group in the reduced theory are obtained by the twisting of Lie derivative in the 
parent theory. Thus we will now examine the twisted generalised Lie derivative ob- 
tained by invoking the Scherk-Schwarz ansatz on all fields and gauge parameters. 
The result is 

(CxQ) ab = W$(X) [(£ 2 Qf 5 + X^f^Q^] =: Wg (C 2 QT l , (3.3) 
with would-be structure constants given in terms of the twist matrices by 

= \w±w2d pq w^ n + \bp mn w^ + 2w*wga pq ws • (3.4) 

We encounter our first constraint on the Scherk-Schwarz twist element which is 
that these objects are constant. However, an immediate difference to the 0(d,d) 
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case is that these "structure constants" are not anti-symmetric in their lower in- 
dices - to correct this misnomer we shall refer to them as gaugings rather than 
structure constants. By making use of the invariance of the epsilon tensor and the 
decomposition (I3.2p . the symmetric part of the gaugings can be extracted as 

^cd,ef a ^ + ^ef,cd^ = ^icdef^^VpdfhnVf ■ (3.5) 

To see the full content of the gauging it is in fact helpful to decompose according 
One finds that 

Xcd,ef l — 2 ^cd,[e [a ^/] ) (3-6) 

with 

•W = \vid- cd V™ + (T|)f (yid^V^j {Tit - ^SlVrd^t , (3.7) 

in which (T|)? and (T|)^ n are the SL(5) generators in the 5 and 10 respectively 
(see appendix). This result can be expressed as 

W = S$Y& - j - 2e- c , Emn Z m ^ + -9- cd SI , (3.8) 
where Y" g j = Y^ 5 is in the 15 and is given by 

r«-=vr^3) > ( 3 - 9 ) 

and Z mn ' p = -Z n ™' p is in the 40 such that Z^ n ^ = is given by 

Z mn,p = _ J_ (e^myPg^yt + V^dyV^f?® 1 ^ , (3.10) 

and 8 5< i = —9^ 5 is in the 10 and is given by 

0* = ^ (vfdaV* - vrd m[5 V^ . (3.11) 

It is note worthy that although 10 ® 24 = 10 © 15 © 40 © 175 the 175 makes no 
appearance in the gaugings produced by Scherk-Schwarz reduction. The reason 
for this will become apparent momentarily but first let us consider the constraints 
that come from closure of the algebra. 
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3.2 Closure and quadratic constraints 

We now study the conditions placed on the Scherk-Schwarz twist by demanding 
closure of the algebra. In this section we will find it expedient to use indices in 
the 10. We recall the un-twisted closure is given by 

^[x 1 ,x 2 ]cQ ~ [£*i> £x 2 ]Q M — —Fo ) (3.12) 

where the anomalous term Fq 1 vanishes on the section condition. One way to 
proceed would be to explicitly evaluate F$ 1 with the gauge parameters obeying 
Scherk-Schwarz ansatz. Instead we simply evaluate the left hand side making use 
of the result that 

CsQ M = W^X AB ^ A Q B (3.13) 

and noting that X AB C , £ A , Q B are all assumed to be constant with respect to the 
derivative Dm- Then one finds the condition for closure becomes 

2 {^ab° — X BA G ^j — X BB e X A £p + X AB pX B Q G = . (3-14) 

If we define (X A )g = X AB C this may be written in the suggestive form 

[X A , X B ] — — -X"[ab] Xq . (3.15) 

Thus we begin to see the structure of an algebra of gauge transformation 

6tV° = g{X A ) B c V B . (3.16) 

A second closure constraint comes from considering the Jacobiator of gauge 
transformations. Making use of the first closure constraint ( I3.15|) we find that 

(3.17) 

where c.p. denotes cyclic permutations. The right hand side of this can be un- 
derstood as the Jacobi identity for the antisymmetric part of X projected into the 
algebra generator. The right hand side needs to vanish for a consistent algebra 
but we emphasise that the Jacobi identity for X[ A b] C needs only to hold after 
projection. 

A final closure constraint comes from understanding that the Xmn k should be 
not only constant but also invariant objects under the local symmetry transfor- 
mations. We will see shortly that this is also necessary so that the reduced action 
does not depend on the internal coordinates and for it to be gauge invariant. Since 

kXAB° = Z B (\X E ,X A ] B C + X BA D (X D ) B C ) (3.18) 
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we conclude that in addition to the first closure constraint (I3.15P that the sym- 
metric part X^AB) C must vanish when projected into a generator 

X m e X = , (3.19) 

so that 

[X a ,X b ] = -X A b Xc. (3.20) 

In fact, this final constraint is enough to guarantee that the Jacobiator of gauge 
transformations (I3.17P vanishes. This can be seen by considering the Jacobi iden- 
tity for the commutator appearing in (I3.20p . 

3.3 The embedding tensor and gauged supergravity 

Toriodal compactification of eleven-dimensional supergravity gives rise to max- 
imal supergravitives in D = 11 — d dimensions which admit a global G = E^d) 
duality (or Cremmer- Julia) symmetry. These theories allow susy preserving defor- 
mations, known as gaugings, in which some subgroup of the global Emq symmetry 
is promoted to a local symmetry. The resultant gauged supergravities have non- 
abelian gauge groups and develop a potential for the scalar fields. A universal 
approach to gauged supergravities is the embedding tensor (for a review see [3D] ) 
which describes how the gauge group generators are embedded into the global sym- 
metry. Treated as a sup ur ionic object the embedding tensor provides a manifestly 
G covariant description of the gauged supergravities. 

In addition to the global Ed{d) symmetry the toriodially reduced theories also 
posses a global M + scaling symmetry know as the trombone symmetry (this is an 
on-shell symmetry for D ^ 2). This gives rise to a more general class of gaugings 
whereby a subgroup of the full G x M + is promoted to a local symmetry. The 
embedding tensor approach was extended to incorporate such trombone gaugings 
in [35] . 

We specialise to the case of D = 7 [33J for which the vector fields of the un- 
gauged/abelian theory are in the 10 of SL{5) and the two-forms are in the 5 
and the scalars parametrise an SL(5)/SO(5) coset. The gaugings are specified 
by the embedding tensor Q mnjP q that projects generators {T 6 a } of global group@ 
SL(5) Cg> 1R + to some subset X mn = mni f, a T^ which generate the gauge group and 
enter into covariant derivatives: 

D = V-gA mn X mn . (3.21) 

5 Traceless matrices among {T b a } correspond to SL(5) generators and the trace part gives 
generator of R + trombone symmetry. 
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A priori the embedding tensor is in the 10 © 24 representation of SL(5) that 
decomposes as 

®mn,b a e 10® 24 = 10 ©15 ©40 © 175. (3.22) 

However, preservation of supersymmetry gives a linear constraint restricting the 
embedding tensor only to 10 © 15 © 40 which yields (see appendix for full details) 

S a, r\ a , n 

5 (3.23) 

a ra r> n?rs,a n (rpa\kl 

mn,b — 0[ m I n ]b — Zt mnrs bZj — -C/fci^b J mra , 

where 9, Y and Z are in the 10, 15 and 40 respectively. The components of the 
embedding tensor in the 10 are associated to the trombone gaugings. 

The gauge group generators in the 5 and 10 representations have the following 
form 

(^mn)ft = @mnfe j {-^-mn)pq = 2Xm/n,Tp8 y (3.24) 

and it is now evident that the gaugings obtained in the previous section are in 
complete agreement with the above. The fact that the 175 was automatically 
absent in the reduction of the extended geometry means the linear constraint is 
satisfied automatically, i.e. the embedding tensor appears already projected on 
corresponding representation. This can be understood as the compatibility of the 
generalised Lie derivative with supersymmetry (this property was commented on 
in [39]). 

As was mentioned earlier, in addition to the linear constraint there is also a 
quadratic constraint which arises by demanding closure of the gauge algebra 

X mn . Xpq\ (A" mn )pg X rs , (3.25) 

which requires that 

Z mn *X mn = . (3.26) 

This is in exact agreement with the closure constraints found in the preceding 
section. 



3.4 Relation to DFT 

To close this section we address an obvious question: can one directly relate the 
above SL(5) twisting to the 0(d, d) T-duality twisting in double field of [TT | [T2 | [T3]. 
The answer is of course yes. Just as type IIA supergravity can be obtained by a 
dimensional reduction of M-theory, generalised M-theory reduces to double field 
theory as reported in [41j . At the level of the derivative it is quite straightforward to 
reduce the generalised Lie derivative (12. 6 p to the 0(3, 3) case [29]. One asserts that 
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d 45 = and d a4 = for a = 1 . . . 3. If we define X A = (X a , X a ) = (X° 5 , \e aM X^) 
then one recovers from (12.61) 

(£ x V) a = X A d A V a + (d a X A - d A X a )V A , (3.27) 
\e aM {C x V)^ = X A d A V a + (d a X A - d A X a )V A . (3.28) 

These are just the components of the 0(3,3) generalised derivative for the DFT. 
Since this holds before twisting it necessarily holds after twisting. Thus, our results 
truncated to the NS sector fields upon dimensional reduction would correspond to 
the expressions for gaugings and non-geometric fluxes found in [TTl IT2"| [T3] and also 
[12J EH HI] . However this work automatically includes the RR sector as well and 
thus offers a way to extend these results and to study generalizations of U-folds 
and their direct connection to non-geometric fluxes. 



4 Effective potential 

In this section we apply apply the Scherk-Schwarz ansatz to the generalised 
metric itself and reduce the action to give the effective potential of the reduced 
theory. 



4.1 Scherk-Schwarz reduction 

We recall the action is given by 

V = y/g{c x V x + c 2 V 2 + c 3 V 3 + c 4 V 4 ) (4.1) 

where 

Vi = M MN d M M KL d N M KL , V 2 = M MN d M M KL d K M NL , 

V 3 = -d M M MP (M RS d P M RS ) , V 4 = M MN (M RS d M M RS ) (M KL d N M KL ) 

(4.2) 

and with the generalised metric given by (12.101) the constants are 

1 111 . , 

Cl = -, c 2 = --, c 3 = -, c 4 = -. (4.3) 

In addition to the above terms we may, with impunity, also consider the inclusion 
of terms that vanish identically when the strong constraint is imposed. The most 
natural such term to consider would be 

V 5 = e aMN e aPQ EiM RS Eld M E p A d N E Q B , (4.4) 
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in which E M is a vielbein for Mmn 



E m 5abE n . m f ac t> we shall see that such a 



term is indispensable to match the reduced theory with the potential for gauged 
supergravity. 

We now apply the Scherk-Schwarz ansatz to the terms in the action to find 
the reduced theory. We will find it convenient to work not with the 10 x 10 matrix 
big Mmn but instead with the 5x5 little m mn defined by 



Mmn 
m mn 



M^ mn ^pq - 



m mp m nq - m mq m pq 



(4.5) 



The metric in the fundamental is given by 



m r 



(4.6) 



where V 1 = \e pupa C up(T and e^ upa is the alternating tensor. This object has de- 
terminant detm mn = detg - ^. In terms of little m the terms in the potential 
reada^l 

Vi = ^m pr m qs d pq m mn d rs m mn - ]^m pr m qs Tr{m- x d V qm)Tr{m- l d mn m) , 

V 2 = m pr m qs d m m kl d ks m rl - d pq m pk d k im lq , 
V 3 = W^-SUm*', 
V4 = 8m pr m qs Tr(m~ 1 dp q m)Tr(m~ 1 d mn m) . 

For little m the Scherk-Schwarz ansatz is then 



m r 



V*m&V!! 



Let us introduce some notation: 



bed 



Assuming that d mn m^i 
Vx = 



v m°bc v d ' 

= we obtain 



bca 



Xbc 



A 3 



abc 



(4.7) 
(4.8) 
(4.9) 



3A e SE /A / 5d -g + 2xacXid + 3m sI m 



f uv 9h A e acgA. Mh 



Vo 



v 3 



_ m ab m cd 



2A 6 fdc^ dbe + A 6 fac^ebd ~ ^ fab-^- ecd + ^ec^' 



dab 



^dc^\ 



bd 



_ m ab m cd 



m E jm 9h A e gcgA hdb 



8m ab m Cd [Xea^bed + Xbc^dd] 



32m ah m 5d x-a-cXbd 



6 We found the computer algebra package Cadabra 
the more laborious manipulations in this section 



(4.10) 

a useful tool for verifying some of 
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for the original terms in the action. For the extra term (which vanishes upon the 
strong constraint) we find 

= -A^- al m ab f + Am ab m M + tyec^M + A'/aftA^cd - A'/ajA^ • 

(4.11) 

To proceed we shall simplify matters by assuming 

det# = 1 , det m = 1 , det V = 1 , (4.12) 

and further that the trombone gauging vanishes. Then we have the following 
identifications: 

X,5 = 0, ^ = 0, ,Y- al = ^ {al)) ^ = -iAV*". (4-13) 

Using the invariance of the e-tensor we then find the following relations: 

UZ ^Z^m- ad m u m- c} =A B feJ A g /g Rm ag m 5 ^m* - 2A a ^A/ s ^ W 
UZ^Z^m- aS m u m- e} =A\ ci A\ Ef rrf I m^ - ^A% 3 A%-- a m U m^ 

- A^ALjm^ - 2A\- ai A h - eJ - a m^ 

(4.14) 

Putting things together we then find that 
^Vi - \v 2 - ±V 5 = -32V gauged + A* m A l - aE} (m Ee m^ - m^rrf 1 ) (4.15) 



where V gauge( i is the known potential for the scalars in gauged supergravity given 

i'.v m- 

V gauged = ^ (2m^n c -m c %j, - (m a ~ b Y al ) 2 )+Z ab ~ c Z d ^ (m ad m u m- cf - m- ad m u m- ef ) 

(4.16) 

That is to say we have reproduced exactly the potential for the scalar fields ex- 
pected for gauged supergravity up to the term 

A*fcjAW (m a m# - m*m*f) , (4.17) 
14 



which, after some algebra can be written as 

2d kl (m pk m^ q d pq ^ , (4.18) 

and so is a total derivative and may be neglected. 

It is worth remarking that the additional term in the Lagrangian V5 was vital 
to achieve correct cancelations and contributions to this result. 

It is natural to ask whether the assumption that the trombone gauging vanishes 
is actually necessary; could one obtain an action principle for a trombone gauged 
supergravity? From the above considerations it seem likely that an appropriate a 
scalar potential could be deduced. However, the trombone symmetry is only an 
on-shell symmetry of the full supergravity action and so to make such a conclusion 
it would be vital to include the other supergravity fields (i.e. the gauge and gravity 
sectors) in a duality symmetric fashion. 

4.2 Gauge invariance of the action 

Under the local generalised diffeomorphism symmetry generated by the deriva- 
tive ( 12 .6p the action (before reduction) has the schematic variation 

5V = G + ... (4.19) 

in which the ellipsis indicates total derivative terms and Go is an expression which 
vanishes upon invoking the section condition. To find the corresponding invariance 
constraint that the reduced theory must obey one could substitute the reduction 
ansatz into Gq = 0. 

However, a more economical and enlightening approach is to directly consider 
the variation of the reduced theory under the corresponding reduced symmetry 
( I3.13p . As we have seen, the reduction of the action produced (up to total deriva- 
tives) the potential for gauged supergravity (14. 16j) which may be written in terms 
of X mn ^ 1 as follows 

T/ _jL /qy >V r r n m P r n na _ ~Y n Y m r nP T r n1 sS \ 

v gauged — „. yJ^mn,r ^pq,s IIL IIL ^ mp q^ nr s' 1 L '' b ) 

b4 ' (4.20) 

7T7T [X mnr -^pq,t ^ ^TTl ^Tfl Tfl su -\- X m pq X nr ^ s TTlP^TTl ) . 

yo 

We have already stipulated a fundamental constraint that these X mn ^ 1 are constant 
and, as we have seen, they may be understood as the generators of the gauge 
symmetry. Thus the X mn ^ 1 do not transform under gauge variation whilst the 
transformation of the metric m ab reads 

5^m ab = (X kl , m a m mb + X kl Jm am )e i . (4.21) 
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It is clear then that the constraints of gauge invariance are exactly the standard 
ones obtained in gauged supergravity. Explicitly, the gauge transformation of the 
action is 

StV = ^X a[b>c] d X dm)n a X kl>p b m^m mn e i , (4.22) 

which becomes 

StV = - ^e abcpq Z™%Y m]n X H , p b m c Pm mn e i 

Y (4.23) 
= - — {e abcpq Z^ a Y mn m mn - e abcpq Z^ d Y dn m an ) X kh b m^ kl = 0. 

The first term here is zero due to Z^- ab,c ^ = and the second is zero because of the 
quadratic constraint 

Z mn,p Ypq = 0. (4.24) 

4.3 SL(5) Summary 

It is opportune at this stage to summarise. We have now seen that for the 
SL(5) case the embedding tensor of D = 7 maximal supergravities drops out 
upon Scherk-Schwarz reduction of the generalised Lie derivative. Furthermore 
reduction of the action produces the known scalar potential of these supergravities. 
Consistency of the reduction invokes a number of constraints: 

1. The gaugings are constant and invariant. 

2. The gauge transformations close onto the C-bracket. 

3. The Jacobiator of gauge transformations generate trivial gauge transforma- 
tions (which is automatic given 1 & 2). 

4. The action is invariant under the gauge transformations (which is automatic 
given 1 & 2). 

It is evident that the strong constraint is a sufficient condition for these to hold 
however it not actually necessary. This is just as for the double field theory case 
[T3] . A usual Kaluza-Klein reduction on the extended dimensions is equivalent 
to solving the strong constraint. A Scherk-Schwarz reduction is by definition one 
that has field dependence on the new coordinates, albeit of a special type, and so 
can break the strong constraint. The fact that this produces a consistent theory 
i.e. gauged supergravity, indicates that one should allow dependence on these 
coordinates and move beyond just allowing trivial solutions to the physical section 
condition. This can happen however only in the very restricted circumstances that 
are described above. 
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d 


N 


Geralised Tangent Bundle 




SL(5) 


10 


5 


TM © A 2 T*M 




50(5,5) 


16 


10 


TM © A 2 T*M © A 'V.U 




E&fi 


27 


27 


TM © A 2 T*M © A 5 T*M 






56 


133 TM 6 


3 A 2 T*M © A 5 T*M © (T*M © 


A 7 T*M) 



Table 1: <9 denotes the representation of the coordinates and iV that of the section 
condition d ®n 9 = 0. 

These constraints when applied to the normal Scherk-Schwarz reductions (where 
closure is not on the C-bracket but the usual Lie bracket etc.) essentially mean 
the internal manifold is locally isomorphic to a Lie group manifold. What emerges 
here is the generalised geometric version of a group manifold with Lie derivatives 
being replaced by generalised Lie derivates and the algebra being the C-bracket 
rather than the Lie bracket. Describing the properties of these manifolds will be 
an interesting direction for future study - in [17] recent progress in this direction 
has been made in understanding how to "exponentiate" the local symmetries for 
the 0(d,d) case relevant to DFT. A closely related direction for future study, al- 
ready carried out in the case of DFT in [23], would be to find explicit solutions of 
these constraints, in particular those for which the section condition is violated, 
since these would give a very clear geometric origin to supergravities that have no 
higher dimensional origin within the context of regular supergravity. 

5 Generalisation to higher U— duality groups 

5.1 E d u\ generalised geometry for d = 5,6, 7 

As the dimensionality is increased, one encounters higher dimensional U-duality 
groups from the exceptional series. For all cases up to Er(t) the relevant doubled 
geometry has been developed in [301 ED E3 [261 EH EH 1221 EH] and is summarised 
in table 1 using the notation of [39] . 

For all these cases (and indeed for the 0(d,d) DFT relevant to strings), the 
appropriate derivative has the general form 

C^V M = L^V M + Y MN PQ d N i P V Q (5.1) 

where L^V M is the standard Lie derivative and Y MN pq is a group invariant tensor 
that essentially projects onto the section condition. For the U-duality groups up to 
£7(7) the structure of the derivatives was established in [39J and further investigated 
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Ill 



18] with the following resultsQ 



) Tl) strings ■ 


V MN 
Y PQ 


SL(5) : 


V MN 
Y PQ 


50(5,5) : 


V MN 
Y PQ 


#6(6) : 


V MN 
Y PQ 


#7(7) : 


Y PQ 



MN„ 



JMN r 

e tiPQ 



iJPQ > 



10d 



MNR 



PQR j 



12c PQ + Op Q + -6 € P Q 



1 

— ( 

2 



(5.2) 



These derivatives have a Jacobiator proportional to terms that vanish on the sec- 
tion condition. One may solve the section condition by setting derivative cor- 
responding to brane wrapping coordinates to zero. On doing so the derivatives 
reduce to a derivative on sections of the generalised tangent bundle which can be 
thought of the E n i n ) generalisation of the Dorfmann derivative on TM © T*M. 

As with the SI (5) case, the dynamical fields of the theory are packaged into 
a generalised metric, i.e., G/H coset representative where G is the appropriate 
U-duality group and H is its maximal compact subgroup. A systematic way of 
obtaining the appropriate generalised metric is presented in (28] using a non-linear 
realisation of the semi-direct product of E%\ and its first fundamental representa- 
tion@ 

In the following we shall restrict our attention to the case of SO (5, 5) and #6(6) j 
the case of #7(7) is a little more complex - as can be seen in the structure of the 
Y tensor - and we leave this for future work. 



5.2 Sherk-Schwarz and closure constraints 

We now introduce a gauging by specifying a Scherk-Schwarz ansatz, T^f(x, y) 



W M A (y)W B N (y)T£(x)i then we find that 



C X V M = W M C 



£xV C + F C AB V B X 



(5.3) 



7 Vmn is the invariant metric on 0(d,d); £imn = £imn,pq is the SL(b) alternating tensor; 
(7 J ) MAr are 16 x 16 MW representation of the 50(5, 5) Clifford algebra (they are symmetric 
and the inverse (7 1 ) mn is the inverse of (7 J ) MJV ); d MNR is a symmetric invariant tensor of Eq 
normalized such that d MNP Hmnp = 27; c MNP ® is a symmetric tensor of £7 and e MN is the 
symplectic invariant tensor of its 56 representation. In all cases except £7(7), the tensor Y is 
symmetric in both upper and lower indices. 

8 A technicality: in this paper we consider generalised metrics scaled such that the top left 
hand entry (i.e. the part that acts on TM ® TM) contains the regular space time metric with 
no additional determinant factors. For such a generalised metric the appropriate Lie derivative 
appearing in (|5.1I) is evidently that of a tensor of density weight zero. 
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with the structure constants given by the expression 



JC AB = W° M 



d A W M B - d B W M A + Y RD §B W M R d D W N A W S N . (5.4) 



The first thing to note is that, unlike the doubled field theory case, these 
structure constants are not anti-symmetric. For cases upto E 6 we may express 
Y MN pq = nd aMN d a pQ where d a pQ = d a Qp is an invariant tensor and a is an index 
in the fundamental representation of the duality group. Then if we define V£ as 
the twist matrix in the vector representation we have the following 

T% = d^ D d- aRA d D W N B W R N = d^ D d mNM W M A d D W N B V a m 
= d aCD (d D (d- aBA ) - d D (d mNM )W M A W N B Vr 

-d mBA v™d D v™ - d mNM w N B vrd D wf) 

= -T<i A -d^ D d- bBA vid D V-r . (5.5) 

Then the symmetric piece to the gauging is given by: 

F°AB + F C BA = - K d^ D d- bBA vld D Vr ■ (5.6) 

We have now some immediate constraints on the admissible gauging. Firstly, 
these structure constants need to indeed be constant. Additionally we obtain 
constraints from the closure on the Courant bracket and from the Jacobiator. 
Because the generalised derivative (15.1 p has a universal structure these have the 
same form as the constraints found for the SL(5) case. This is as expected and 
reflects the discussion in section 4.4 of [39]. Essentially the key point is that the 
space admits a globally defined frame on the generalised tangent space and is thus 
"generalised parallelizable" . Given a global frame there is a globally defined basis 
with an identity structure. The embedding tensor then can be identified with 
the "generalised torsion" which is the algebra (under the Dorfman derivative) of 
elements of this global basis. 



5.3 Twisted derivatives and the embedding tensor 

We now show that the above gaugings can be related to the embedding tensor 
construction of gauged supergravities. This provides an explicit relation between 
the gaugings and the Scherk-Schwarz twisting. In fact, the situation is in some 
regards easier than for the case of SL(5) since the symmetric part of the gauging 
is sufficient to identify all components of the embedding tensor. To avoid a mess 
of notation all indices with no accents in the following are flattened (we will drop 
the over barred notation) and curved indices, which rarely appear, are signaled by 
a hat. 
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5.3.1 5*0(5, 5) gaugings 

The embedding tensor of [19] is Q%j = 0^ where M is an index of the 16 and 
a = [ij] is an adjoint 45 index. We have that 

16 s <g> 45 = 16 s + 144 c + 560 s . (5.7) 

Supersymmetry imposes a constraint on the embedding tensor P560© = 0. Compo- 
nents of the embedding tensor in the 16 are derived from the trombone gaugings. 
The embedding tensor may then be parametrised by a gamma-traceless vector- 
spinor Z M% ( Z Ml ^ iMN = 0) and a spinor M . In the adjoint representation (i.e. 
adjoint of the gauge group) we have 

X MN K = -Z L % MlijN] K - % [M 5^ + jiMN (-Z Kl - \l lKP Qp^ • (5-8) 
The relation 

(t a ) M K (t a ) N L = —tffftfaft = ^5«5 L N + \8«8 L M - \ llMN l %KL (5.9) 
ensures that the generalised derivative may be recast as 

Lu V = U N d N V M - V N d N U M + \ liA Bl iMS d s U A V B 

= U N d N V M + ^V M d N U N - A(t a ) A s (t a ) B M d s U A V B . (5.10) 

Pluging in the Scherk-Schwarz twist into the above bracket gives a gauging whose 
symmetric part is 

F { mn) K = -\l tK %MN9id Q gi (5.11) 

from which we find 

L = ^ jKP jiK L gidpg] (5.12) 

and 

l jRQ 9ld Q g) . (5.13) 
In the above the g is the group element in the vector representation of 5*0(5, 5). 

5.3.2 # 6j(6 ) gaugings 

The embedding tensor of [50] is where M is an index of the 27 and a is 
an adjoint 78 index. We have that 

27 <g> 78 = 27 + 351 + 1728 . (5.14) 



7Ki 



R fc_ 10 7 lkPR 
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Supersymmetry imposes a constraint on the embedding tensor Pi728© = 0. Com- 
ponents of the embedding tensor in the 27 are derived from the trombone gaugings. 
The embedding tensor may then be parametrised by an antisymmetric Z PQ and a 
vector 6 M . In the adjoint representation (i.e. adjoint of the gauge group) we have 

Xmn K = {0Z PQ d KAB d NP AdMQB — -j^[M^N] + ^qmn (^Z QK — —d QKP 9 P ^j . 

(5.15) 

In the above dMNP is the totally antisymmetric invariant tensor normalised such 
that dMNod^^ p — 5p. 
The relation 

(t a )M K (ta)N L = ~^M^N + q^N^M ~ -^d M Npd KLP (5.16) 

ensures that the generalised derivative may be recast as 

LjjV = U N d N V M - V N d N U M + 10d PAB d PMS d s U A V B 

= U N d N V M + \v M d N U N - Q(t a ) A s (t a ) B M d s U A V B . (5.17) 

By comparing the symmetric part of X M n K to the expressions for gaugings 
found by performing a Scherk-Schwarz twist in the brackets one see that 

M = ld TMR d TPQ Gp P G § Q (5.18) 

and 

Z p Q = 5d uy t p Gfd u G s v . (5.19) 

6 Conclusions and Discussion 

It is very satisfying to see how the Scherk-Shwarz reductions of the manifestly 
U-duality invariant form of M-theory produce the gauged supergravity potentials 
and how one can identify the embedding tensor in terms of the twist fields. Many 
of these ideas were present before in the literature; it is a test of this M-theory 
formalism that these ideas are realised exactly using the U-duality manifest actions. 
It also makes the novel coordinates play a more important role since a simple 
Kaluza Klein reduction in those directions is not carried out. Thus, the fields 
do depend on the new extra coordinates of the extended space. However, the 
full space should be "generalised parallelisable" , so the dependence on the new 
coordinates should be of a particular form. These constraints match those on the 
embedding tensor in gauged supergravity. 
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A 5L(5) and d = 7 gaugings 

The generators of SX(5), in the fundamental 5 representation, can be expressed 

as 

They are traceless, Tr(T b ) = and obey one relation T£ = 0. They obey the 
commutator relation 

[T b a X\ = 5 b c T* - 5 d a T b c . (A.2) 

Also we have 

Tr 5 (T b X) = -5 d J b c + l5 b J d c . (A.3) 
In the 10 representation the generators are given by 

(3J)S = 2(3*W, (A.4) 

and obey the commutator 

[T b a , T*\ = (T b a )%(T^ n - (7?)2(7?)1 = S b X - S d a T b . (A.5) 
We note the following useful identity 

(T b a )%(T b X q = -\e aklpq e ai ^ + U\ k 5^\ p 5 s q] + 5^5^ . (A.6) 



22 



This identity is used to establish that the following expressions for the generalised 
derivative are equivalent 

C V V = U N d N V M - V N d N U M + e aMN e aPQ d N U p V Q 

= l -U l] d l3 V kl - \v»d i3 U H + \e ai3kl e avqr A 3 U vq y rs (A.7) 
L 2, o 

CuV = ^U^dijV M — ^{T^ q (Tg)* l s dijU pq V rs + ^V kl dijU i:i (A.8) 
C V V = hj ij d i3 V M + ^\' u <h j r iJ + V ki d i3 U jl - V li d i3 U kl . (A.9) 

The first form shows how the derivative fits in to the general group structure appli- 
cable across dimensions, the second makes explicit the relation to the derivatives 
that appear in [39] and the final one is the form given in [29J. 

The embedding tensor for d = 7 gauged supergravity, with no trombone gaug- 
ing, is given by [31]: 

@mn,p ^[m^^lP 2,£ mn p rs Z (A. 10) 

with Y mn = Y {mn) in the 15 and Z rs ' q = ZH* in the 40 so that = 0. It is 

traceless Q mn ,p p = and hence the gauge group generators in the 5 and 10 are 
given by 

Y q — P) 1 Y rs _ r>pv [rrs] / A -i -i \ 

A trm,j) "mn,|) > ^mn^pq ^^rrtnjp "qi • v^' 11 / 

To incorporate the trombone gauging we introduce an extra generator (To)| = 
5% corresponding to the R + and propose an ansatz (we follow exactly [35] where 
the procedure is carried out for all the other exceptional groups) 

@mn,0 @mn j 

^trm,/ = ^[rn^' n \P ~ ^^mnprsZ ,<? + C^i?(^p)mn J (A. 12) 

where 9 mn = 6[ mn ] is in the 10. Then the gauge generators in the fundamental are 
given by 

= 8\ m {Y n]p - 2(9 n]p ) - 2e mnprs Z rs ^ + i(5 - 2C)e m J^ (A.13) 

and in the 10 by 

s*-mn,pq ^mn,(K-' OJpq ~T~ ^mn^a y-^blpq 

= 2e mn>lp ^ + 2e m J;d q \ + ^1)1^1)™ 

— * u mn,|p '1 1 5/ mn [p q] ^ a PQ [m n] ^°ij e e amnpq 

(A.14) 
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One now calculates the symmetric part of the gauging 

Y rs, y rs r> I yrs,a C rsaij n | i | O i ^ \ ( Q xi r X s ] i Q xi r X s ]\ 

^-mn,pq ~T~ yv pq,mn Zjt amnpq I ^ U%j ITI ^ T I ^ (7 mn°[p ( -'g] ' M |m fi] j ' 

(A.15) 

The requirements of supersymmetry as explained in [35] are that this falls in 
the same representation as without the trombone gauging hence we fix £ = — ~. 
Although the symmetric part of the gauging does not depend on Y note that the 
that the antisymmetric part of the gauging depends on 9 Z and Y. 
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